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An improved independent component regression (M-ICR) algorithm is proposed by
constructing joint latent variable (LV) based regressors, and a quantitative statistical
analysis procedure is designed using a bootstrap technique for model validation and
performance evaluation. First, the drawbacks of the conventional regression modeling
algorithms are analyzed. Then the proposed M-ICR algorithm is formulated for regres-
sor design. It constructs a dual-objective optimization criterion function, simultane-
ously incorporating quality-relevance and independence into the feature extraction
procedure. This ties together the ideas of partial-least squares (PLS), and independent
component regression (ICR) under the same mathematical umbrella. By adjusting the
controllable suboptimization objective weights, it adds insight into the different roles
of quality-relevant and independent characteristics in calibration modeling, and, thus,
provides possibilities to combine the advantages of PLS and ICR. Furthermore, a
quantitative statistical analysis procedure based on a bootstrapping technique is
designed to identify the effects of LVs, determine a better model rank and overcome
ill-conditioning caused by model over-parameterization. A confidence interval on qual-
ity prediction is also approximated. The performance of the proposed method is
demonstrated using both numerical and real world data. VVC 2009 American Institute of

Chemical Engineers AIChE J, 56: 1519–1535, 2010

Keywords: independent component regression, quantitative calibration analysis, dual-
objective optimization, statistical independence, quality-related characteristics

Introduction

Over the last few years, data-based statistical modeling
and analysis methods have drawn much attention and found
successful applications in practice.1–16 They are an attractive
option for handling various problems in many fields of
chemical engineering that are ‘‘data rich but information
poor’’. As one important area of statistical analysis, multi-

variate calibration,9–16 has been widely used to establish
quantitative relationships between process measurements
(X), and quality properties (Y). Accurate qualitative and
quantitative calibration analysis may help avoid cumbersome
and costly chemical measurements. In practice, calibration
modeling and analysis can often be accomplished with famil-
iar, conventional statistical techniques such as multiple linear
regressions (MLR), principal component regression (PCR),
PLS, and so on. Among them, LV-based methods in the
form of PCR and PLS have a dominating role, in which, cor-
relation patterns among the variables can be modeled and
underlying features are used to build and explain a quantita-
tive relationship relevant to the quality properties concerned.
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However, as Gustafsson has pointed out,17 the confusing as-
pect of LV-based regression methods is understanding which
type of LVs best model the observed data, since there are
many ways to define uncorrelated LVs. Gustafsson used a
simple numerical example inspired by the prediction of mo-
lecular activity from absorption spectra to show that neither
PLS nor PCR will exactly recover a true underlying linear
LV model in general. Although they may yield good predic-
tions and sometimes offer interesting insights about the key
underlying relationships, their chemical interpretation may
be very difficult. Great effort has since been devoted to
extracting latent features with more interesting statistical
characteristics and chemically interpretable meanings to
serve as descriptors in order to improve the performance of
regression modeling.

In recent years, the theory of independent component
analysis (ICA),18–20 a further development of principal com-
ponent analysis (PCA), has shown that to obtain a unique
LV model, it is not in general enough to consider only up to
second-order statistics (correlations, covariances) describing
the measured variables. In ICA, the extracted components
are assumed to be mutually independent statistically instead
of merely uncorrelated. It attempts to recover statistically in-
dependent signal sources given only observations that are
assumed to be linear mixtures of the original signals. To do
so, ICA makes full use of higher-order statistics and applies
criteria related to information theory and entropy. In proba-
bility theory, independence is a high-order statistic which
guarantees uncorrelatedness so that it is a much stronger
condition than uncorrelatedness that is only up to second-
order moment. Any independent components (ICs) which
can be extracted may, thus, provide more informative statis-
tical information, be easier to interpret in chemical terms,
and better reflect the intrinsic properties of the measured
data. It has drawn considerable attention and found potential
applications in process monitoring.21–25 Li and Wang21,22

used ICA to untangle variable dependencies, reduce the
dimensionality of data on their monitored variables and iden-
tify trends in a processing operation. Kano et al.23 demon-
strated online process monitoring by charting the individual
ICs as time series, which showed ICA’s superiority over
PCA-based methods. Lee et al.24 constructed three ICA-
based monitoring statistics to reveal multivariate correlations
and determined their confidence limits in process monitoring.
Moreover, ICA can generate meaningful representations of
non-Gaussian data25–27 and outperform PCA in revealing the
LVs underlying noisy measurements.28

Motivated by the success of ICA, ICR17,29–32 was devel-
oped as another alternative to classical LV-based regression
methods (PLS and PCR). In ICR the model’s LVs are
designed to be as statistically independent as possible. PCR
and PLS, in contrast, are designed to find LVs that are statis-
tically uncorrelated, but not necessarily statistically inde-
pendent. Substantial previous work29–32 has demonstrated
that ICR can better recover true LVs,17 and, thus, facilitate
meaningful interpretation. Chen and Wang29 have applied
ICA to near-infrared (NIR) spectra, and shown that it was
able to identify the pure spectra of unknown constituent
components from the spectrum of their mixture and estimate
their concentrations. Shao et al.31 built independent compo-
nent regression models of NIR spectra and compared them

with PCR-based models. They found that although the quan-
titative prediction ability was completely equivalent, the ICR
approach was more powerful in qualitatively describing the
intrinsic properties of the NIR spectra. Kaneko et al.32 have
demonstrated that a combination of ICA and MLR could
extract effective components from explanatory variables and
construct a regression model with high-predictive accuracy.
Gustafsson17 has made some useful comparisons between
different regression algorithms. He demonstrated that while
PLS could give more accurate quality predictions, the
advantage of ICR lay in its ability to retrieve a more mean-
ingful LV model.

Even when an LV model structured by ICR seems to have
a chemical meaning, ICs decomposed from mixed signals
are not guaranteed to be closely correlated with quality prop-
erties, since ICR extracts features without reference to their
effects on quality. In calibration modeling, this creates a risk
similar to that in principal component regression (PCR).
That is, because process observations often contain major
sources of variation that are of little or no predictive value,
the first several ICs extracted may be capturing most of the
process variation, but not necessarily explaining quality
properties. It is not difficult to imagine that some useful pre-
dictive and interpretative information may end up in ICs
which have been discarded, while systematic variations with
little quality significance may be retained for calibration
analysis. To make up for this deficiency, more ICs generally
must be employed for a comprehensive quality description.
This, of course, increases model complexity, although the
additional information will normally improve the model’s fit
to the training reference data. Moreover, it will often cause a
substantial reduction in the models’ general predictive ability
with new data.

The dominating role of LV extraction in determining the
success of subsequent regression modeling makes it impor-
tant to further improve LV modeling, and to obtain LVs bet-
ter suited to the specific purpose of regression analysis,
referring to both their statistical meaning and their quality-
related characteristics. Since both PLS and ICR have their
respective merits, a natural idea is to combine their advan-
tages for LV extraction. In this study, such a method is
designed based on a conventional ICR algorithm, but
described as modified ICR (M-ICR). M-ICR tries to make
the extraction of LVs more direct and more comprehensible
for regression modeling. The method can be regarded as a
joint LV-based multivariate regression modeling framework.
The construction rule for new regressors encompasses and
ties together the ideas of PLS and ICR under the same math-
ematical umbrella by constructing a generalized function for
the objective criterion.

The following two problems of particular interest are
addressed in this work:

1. Constructing a dual-objective mathematical optimiza-
tion solution for better LV modeling. Higher-order statistical
independence and quality-related requirements are consid-
ered simultaneously during the feature extraction procedure
by constructing a synthetic dual-objective mathematical opti-
mization solution. The corresponding search optimization
algorithm is then developed. The optima are, thus, pursued
maintaining a balance between statistical independence and
quality-relevant characteristics, a balance which can readily
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be controlled and adjusted by setting suboptimization weight
parameters. Furthermore, by analyzing the effects of the two
kinds of characteristics on regression modeling, proper
weight parameters can be intentionally selected to get better
LVs, and the advantages of PLS and ICR can be better
combined.

2. Performing bootstrap-based quantitative calibration
analysis for model validation and performance evaluation.
Multiple ICR solutions are derived using a bootstrap tech-
nique, which represent different input spaces and can be
readily aggregated. This can reduce the overdependence of
model’s performance on reference samples and enhance the
model’s reliability and robustness. Moreover, such bootstrap-
based results provide the possibility of further quantitative
calibration analysis. On the one hand, the contribution of
each IC to the quality description can be inspected, and the
results can be used to rank the extracted ICs and provide a
reference for selecting the powerful ones for regression mod-
eling. At the same time, a confidence interval can be devel-
oped for the quality prediction to help evaluate the M-ICR
model’s performance.

This article first presents the original ICR algorithm and
analyzes its defects. The proposed M-ICR algorithm is then
described, LV extraction demonstrated and a regression
model constructed. A quantitative calibration analysis is then
developed for model validation and performance evaluation.
Simulation examples are presented to illustrate the perform-
ance of the proposed method. Discussion is conducted based
on the results, highlighting the suitability of the proposed
method, its advantages, but also analyzing its limitations.
Finally, conclusions are drawn in the last section. Future
directions and possible improvements for the proposed
method are also pointed out.

Conventional ICR Algorithm

As a two-step calibration method, the basic idea of ICR is
to first derive a LV model from the measured process data
in terms of higher-order statistics in which the LVs are as
statistically independent as possible. Such a representation is
reported to be able to recover the real LVs, and, thus, cap-
ture the true structure of the measured data.17,31 The LVs are
then used to build a regression model based on least-squares
algorithm. Clearly, this combination of ICA and MLR is
conceptually very similar to PCR. The only difference is that
ICs obtained by ICA are used in the regression instead of
PCs obtained by PCA.

In the ICA algorithm, it is assumed that the measured var-
iables x1, x2,…,xj can be described as linear combination of
R ( R � J ) independent components s, s2,…, sR. The basic
thrust of ICA is to estimate both the latent components s,
and the demixing relationship Wx (R � J ) from the process
measurements x without any related prior knowledge, a pro-
cess termed blind separation. The decomposition relationship
can be expressed as follows

s ¼Wxx (1)

where s(R � J) denotes the independent component vector,
which has unit variance E(ssT) ¼ I.

Before ICA feature extraction, it is assumed that the pro-
cess data are pre-whitened, which is generally achieved by
PCA, so that its components are uncorrelated and their var-
iances all equal to one. This whitening transformation can be
expressed as

z ¼ K�1=2UTx ¼ Qx (2)

where Q ¼ K�1/2 UT is the whitening matrix, in which U (an
orthogonal matrix of eigenvectors), and K (a diagonal matrix
of eigenvalues) are generated from the eigenvalue decom-
position of the covariance matrix E(xxT).

Naturally, s from whitened vector z can be estimated by

s ¼Wz ¼WQx (3)

where W is an orthogonal matrix, given that E(ssT) ¼
WE(zzT)WT ¼ WWT ¼ I.

After this first-step analysis, the ICs are prepared as
regressors for the second-step calibration analysis. A linear
regression relating the extracted ICs S(N � R) (where N is
the number of observations), with the response variables 1 �
a1 � 2 (where Jy is the number of predicted variables)
can be readily calculated through a simple least-squares
calculation

H ¼ STS
� ��1

STY

Ŷ ¼ SH
(4)

ICR readily solves the collinearity problem typical of
MLR calculations by guaranteeing an invertible matrix S

T
S

because of the mutual orthonormality of the ICs. Actually,
S
T
S is a diagonal matrix with identical diagonal elements.
It is possible to convert the regression relationship H to

HX!Y, which is directly related to the process measurement
data X(N � J)

Ŷ ¼ XWT
xH ¼ XHX!Y

HX!Y ¼WT
xH

(5)

Proposed M-ICR Algorithm

Drawbacks of the conventional ICR algorithm

Although many investigators have reported that ICs
extracted from operating data are able to capture the essen-
tial structure of the process and are chemically meaningful,
conventional ICR-based regression nevertheless has some
drawbacks.

First, in two-step calibration analysis, the performance of
ICR greatly depends on how well the features are prepared
in the LV extraction procedure. The LV model is extracted
from the process measurements (X) to capture the major pro-
cess systematic variations using ICA exclusively. This esti-
mation takes no account of the roles of the LVs in quality
prediction, and, thus, is not optimized for quality prediction.
Some ICs may be uninformative about quality and make no
contribution to the quality description even though they are
strongly independent of each other. If those ICs are used
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directly to interpret quality variations, it is not difficult to
imagine that more ICs may be required in the regression
model to describe quality results properly, which may result
in both a more complex model and over-parameterization
defects.

In addition, the quality of the ICs extracted is also
affected to some extent since conventional ICA bears the
following disadvantages and ambiguities.33 PCA can rank
the extracted PCs using variance information, but in ICA the
significance order of feature extraction is not controlled.
Moreover, there is no explicit standard for determining how
many ICs should be retained. Furthermore, it can lead to dif-
ferent ICA solutions even when ICA is run multiple times
on the same data. These ambiguities essentially result from
the fact that ICA cannot determine the order of the inde-
pendent components because both s and Wx are unknown,
and the variances of the extracted ICs are all defined to
be unity. Therefore, the order of the terms can be
freely changed in the decomposition relationship
si ¼

PJ
j¼1 wx;i;jxjði ¼ 1; 2;…;RÞ, and any of the ICs can be

regarded as the first. Random initialization of the demixing
matrix Wx in the whitened space can then lead to different
optimization solutions when applying ICA multiple times to
the same data. In PCA only the first several PCs need to be
derived, and they do not interact with each other, but in
ICA, generally all potential ICs should be extracted,33 and
the retained ICs are then chosen from among them. It, thus,
generates a high-computational load but, more importantly,
inevitable ambiguities in the following calibration analysis.
Lee et al.33 have reported an improved ICA algorithm which
can produce a unique and repeatable ICA solution by fixing
the initialization instead of the random initialization of con-
ventional ICA. Their method assumes that the space spanned
by the major PCs is a good starting point for extracting ICs,
because ICA can be viewed as a natural way to ‘‘fine-tune’’
PCA (centering and whitening) with an iterative search opti-
mization procedure. By maintaining the variance information
about the PCs during ICA feature extraction, Lee’s method
more successfully captures critical process variation features
and gives a better visualization of the process data for multi-
variate statistical process monitoring (MSPM). However, for
the specific objective of regression modeling and quality pre-
diction, it is not proper to attribute significance to the ICs
based on the variance of the PCs, since it is not directly
related to quality attributes.

Clearly, regressor extraction is a crucial step in any cali-
bration analysis. In the search for better regressors, questions
of choice arise. PLS and conventional ICR algorithm each
has its advantages, and it would be better if their merits
could be combined. A dual-objective optimization solution
promises to achieve this. In the proposed method, first, the
mathematical basis of the combined objective function is
formulated. It incorporates a weighted combination of qual-
ity-related characteristics and statistical independence during
LV extraction and gives insight into the nature of the
extracted LVs and their effects on the following regression.
The adjustable suboptimization parameters in the continuum
[0,1] play an important role, which can control and regulate
the nature of the LVs extracted and determine the balance
between PLS and ICR. Some remarks will be provided for
the setting of optimization weights to help further compre-

hension. Regression relationship is then formulated relating
the extracted LVs with the qualities.

A dual-objective optimization

In designing different optimization criteria and objective
functions, different decomposing relationships are available
to derive different latent features. Since both independence
and quality-related statistical characteristics are desired,
a synthetical optimization objective should be designed.
The latent factors derived from process measurement
are expected to simultaneously satisfy the following two
objectives:

1. They should be as independent of each other as possi-
ble, which is achieved at certain optima of E{G(wTz)}.
According to Hyvärinen and Oja,19 the following choices of
G(�) have proved very useful

G1ðuÞ ¼ 1

a1
log cos hða1uÞ and G2ðuÞ ¼ �exp � u2

2

� �
(6)

where constant a1 satisfies 1 � a1 � 2. G1(u) is a good gen-
eral-purpose contrast function,18 and it will be used in the
M-ICA iteration algorithm.

2. They should remain in as close a relationship as possi-
ble with the quality vector. In other words, they should max-
imize the absolute value of the covariance between them and
the quality vector max E ðwTzÞyð Þð Þ2 (where y is one sample
of the normalized quality value). Since both wTz and y have
unit variance, the covariance actually is equal to the correla-
tion coefficient. Moreover, in the case of multivariate quality
variables, considering the multiple correlations together, the
optimization index can be represented as

max 1
Jy

E wTzyð ÞTE wTzyð Þ
� �

, where y(Jy � 1) is the normal-

ized Jy -dimensional quality vector.

Note that in terms of the first objective, maximizing
independence boils down to maximizing or minimizing
E{G(wTz)}, where the choice of maximization or minimiza-
tion depends on the sign of E{G(wTz)} � E{G(t)}. (Here t
is a standardized Gaussian variable.) The positive corre-
sponds to the super-Gaussian and the negative to the sub-
Gaussian. Therefore, the two optimization objectives could
not be simply added. Instead of E{G(wTz)}, the mathemati-
cal form max(E{G(wTz)} � E{G(t)})2 is adopted, which
does not need to specify the super- or sub- Gaussian
characteristics.

Making a tradeoff between the two maximization objec-
tives and encapsulating them into an integrated dual-objec-
tive optimization model, the following mathematical function
can be designed for LV extraction

max
�
a � 1

Jy
E wTzy
� �T

E wTzy
� �þb E GðwTzÞ� ��E GðtÞf g� �2��

(7)

subject to the constraint : wTw ¼ 1 (8)

where a and b, and are, respectively, the weight coefficients
attached to each suboptimization objective. Here they are
defined to satisfy a þ b ¼ 1 for simplicity, as will be further
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clarified in the discussion of optimization parameter setting
which follows.

Based on the aforementioned formulation, a modified ICA
estimator can be calculated by solving a mathematical dual-
objective optimization problem in pursuit of both statistical
independence and a close relationship with quality. On the
basis of Hyvärinen’s original fast fixed-point ICA algorithm
(FastICA),18,19 the following optimization solution, termed
the modified FastICA algorithm (MFastICA), is mathemati-
cally formulated using an approximative Newton iteration
scheme (the detailed deduction procedure is shown in
Appendix A)

w wþ c � dn
i:e:; w w� c � JWðwÞm

� ��1rFw (9)

where JW(w)m is the modified Jacobian matrix (explained in
Appendix B), which is invertible, and !Fw is the first-order
derivative of F(w, k), with respect to w (see Eq. A11 in
Appendix A).

Optimization parameter setting

Multiobjective optimization sometimes fails to find an
absolutely optimal solution which simultaneously optimizes
all the subobjectives. This usually results from a conflict
between subobjectives. This is one essential difference com-
pared with single-objective optimization. However, it is
almost always possible to get a relatively optimal solution
by making a compromise among the subobjectives involved.
To obtain a relative optimum, two key issues should be
taken into account: (1) each suboptimization objective func-
tion may have a different scale; and (2) they may converge
at different speeds.35 To avoid the adverse case in which one
subobjective is overwhelmed by the other, a uniform quan-
tity-scale balance between the two subobjectives should be
determined during the initialization stage and applied during
the iterative searching.

In this study, the weights are set as follows. First, the
weight parameters a and b are initially and intentionally
decomposed into three parts, respectively, aimp � ascale � aadj
and bimp � bscale � badj. aimp and bimp, are here called signifi-
cance factors, and they represent the relative importance sub-
jectively attached to each suboptimization objective. ascale
and bscale, called scale factors, are used to unify the scales
of the two subobjectives. aadj and badj, here called adjustable
factors, are adjusted to balance the speeds of convergence to
the suboptimization objectives, which can be regulated in
real time during the search procedure. Using the grade of
each objective function to describe its speed of convergence,
the adjustable factors can be defined as follows

aadj ¼ 1
	 rF1;w



 

2
badj ¼ 1

	 rF2;w

 

2 (10)

where the denominators are the squared norm of the first-order
derivatives of the two suboptimization objectives, both of
which are calculated in a way similar to the calculation of
!Fw in Appendix A

rF1;w ¼ 2
1

Jy
E zyT
� �

E wTzy
� �� 2

1

Jy
wTE zyT

� �
E wTzy
� �

rF2;w ¼ 2 E GðwTzÞ� �� E GðtÞf g� �
EfzgðwTzÞg

� 2 E GðwTzÞ� �� E GðtÞf g� �
wTEfzgðwTzÞgw ð11Þ

Therefore, aadj and badj will be adjusted online during the
optimization procedure. If one suboptimization objective
changes faster, i.e., its squared grade norm is larger, the cor-
responding adjustable factor will be set smaller, and vice
versa, making the corresponding suboptimization objectives
change in parallel.

The grades will approximate zero when the iteration
results are close to the optima, so the two parameters a and
b, are restricted as follows

a ¼ aimp � ascale � aadj rF1;w



 

 � l

b ¼ bimp � bscale � badj rF2;w



 

 � l

a ¼ aimp � ascale rF1;w



 

 � l

b ¼ bimp � bscale rF2;w



 

 � l

8>>>>>>>><
>>>>>>>>:

(12)

where l is a predefined small threshold, which actually
envelops a very narrow neighborhood around the optimum.
Whenever the optimization search enters the neighborhood,
the corresponding grade approaches zero, so the significance
and scale factors alone describe the weight parameters.

For convenience, further formulate the two parameters sat-
isfying a þ b ¼ 1 using a simple ratio algorithm. For exam-
ple, when rF1;w



 

 � l and rF2;w



 

 � l, the weights can
finally be calculated as

a ¼ aimp � ascale � aadj
aimp � ascale � aadj þ bimp � bscale

; b ¼ 1� a (13)

So the final weight parameters a and b arise from consid-
ering the effects of the three factors together.

The optimization objective expressed in Eq. 7 implies that
the extracted ICs can be controlled by adjusting the weight
parameters attached to each subobjective. If a ¼ 0, only the
statistical independence index is being optimized, and the
MFastICA algorithm will converge to the common ICA
solution, which only considers higher-order statistical inde-
pendence. If b ¼ 0, only the quality-related optimization
objective holds, and the method derives LVs closely related
with quality. Keeping both a and b nonzero results in a
compromise between statistical independence and quality-
related characteristics, and a combination of PLS and ICR
algorithms to some extent. By setting different weight pa-
rameters step-by-step, it is feasible to interrogate in detail
the respective effects of the two characteristics on multivari-
ate calibration modeling, from which one can choose the
desired balance. The problem of selecting the subobjective
weights is not something for which specific rules can easily
be given. It greatly depends on experience with the process
and the specific objective of the study—which characteris-
tics are more important in the current practical application.
When no prior information exists, as a rule of thumb, the
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weight parameters can be determined by cross-validation
and trial and error.

M-ICR calibration modeling

In any optimization problem, the solution depends on the
initial settings and the searching algorithm, which, respec-
tively, determine the starting point and the search path. Both
aspects are important, therefore, in achieving the objectives
specified in Eq. 7. In the proposed method, normalized LVs
extracted from PLS are first set as the initial conditions for
further ICA iterative optimization. Such LVs should be good
initial estimates of ICs from a quality viewpoint

t ¼ RTx (14)

where t(d � 1) is the d-dimensional latent factor vector
retained after decomposing x(J � 1) using PLS. R(J � d) is
the PLS weights matrix. E{ttT} ¼ K ¼ diag{k1,…,kd}, in
which ki (i ¼ 1, 2, …, d) is the variance of the LVs retained
from PLS. The number of LVs in the whitening procedure
should be kept as large as possible,33 since they will provide
information essential for constructing ICs through linear
combination during the subsequent IC extraction. So only
those LVs with variance values closely approximating zero
should be excluded to avoid singularity problems. Equation 14
can then be further normalized as

z ¼ K�1=2t ¼ K�1=2RTx ¼ Qx (15)

where E{zzT} ¼ I (I(d � d) is an identity matrix), and
Q ¼ K�1=2RT ¼ K�1=2

�
WplsðPT

plsWplsÞ�1ÞT (where Wpls is the
weights matrix and Ppls the loading matrix from PLS) is the
whitening matrix. The scaled latent scores z are the
preprocessed process data after centering and whitening. Note
that despite its scaled variance, z has been ordered according
to the covariance between t and quality. In particular,
statistical dependence up to the second-order has been
removed. This gives a good initialization for further ICA
iterative approximation. From there a consistent LV model
structure, specifically the demixing matrixW, can be obtained.
The detailed iterative modeling procedure is given in
Appendix C. Once the demixing matrix has been specified,
the ICs from the initial process observations can be derived
using the following expression

ŝ ¼Wz ¼WQx ¼WK�1=2RTx ¼Wxx (16)

After obtaining the desired ICs, their regression relation-
ship with the quality variables can be set up using simple
least-squares algebra, as shown in Eq. 4.

Bootstrap-based Quantitative Calibration
Analysis

The preceding section has shown how LVs can be
retrieved and how a quantitative regression relationship can
be formulated. Furthermore, two problems require attention:
the proper ranking of the regressors accepted and the meth-
od’s robustness in application.

Previous ICR modeling research has not properly
addressed model validation despite its fundamental impor-
tance. Too many regressiors increase model complexity and
introduce redundant noise, but too few may lose some im-
portant quality information. Lee et al.33 have summarized
some statistical criteria suitable for determining the number
of ICs for process monitoring. Liu et al.26 developed a
negentropy-based test procedure to rank ICs according to
their degree of non-Gaussianity, which, in turn, could be
used to categorize the importance of the ICs and thus to
assess how many components should be retained. However,
both groups pursued the retrieval of the major non-Gaussian
information or the reconstruction the recorded variables.
Their methods are not suitable for the specific purpose of
regression modeling, since neither directly addresses quality
prediction and interpretation. Westad and Kermit36 presented
a cross validation scheme to verify ICA modeling results,
but it called for procrustes rotation37 to rotate the ICA com-
ponents, since the order of an ICA solution is arbitrary due
to the ambiguity previously discussed. This demands particu-
lar caution and makes cross validation difficult.

On the other hand, statistical analysis results are to some
extent sensitive to the samples used for modeling as a result
of various factors including contamination by often signifi-
cant levels of experimental noise. The calibration modeling
results may be, thus, biased and different if employing dif-
ferent modeling samples. So, how to make full use of the
samples to create a model as robust as possible while avoid-
ing overfitting? At the same time, another problem in the
practical application of the ICR method is the lack of confi-
dence bounds for evaluating its performance in predicting
quality. An attractive approach to improving calibration
robustness is to develop a set of models and combine them.
Zhang et al.38–40 have made a series of investigations focus-
ing on enhancing the accuracy and robustness of inferential
models built from a limited amount of reference data. In
their methods, the available data were re-sampled using a
bootstrap technique41,42 to generate several sets of training
data. Multiple neural network models were then developed
for each set, and finally they were combined to form a boot-
strap aggregated inferential model. Moreover, a confidence
interval for neural network model predictions was also
obtained by estimating their standard errors using bootstrap
re-sampling technique, which could give the process operator
extra information about the predictions.38

Such a bootstrap technique is applied in this study in an
attempt to improve the reliability and robustness of the cali-
bration models. Through training with various bootstrap re-
sampled datasets, multiple ICR models are derived which
model different regions of the input space. Their combina-
tion is intended to reduce overdependence of the model’s
performance on the particular reference samples used. The
bootstrap-derived ICR models are then used to develop a sta-
tistical calibration analysis to validate the combined model
and evaluate its performance. The method inspects the spe-
cific significance of each IC in the regression analysis, iden-
tifies the correct rank, and sets up the final M-ICR calibra-
tion model for quality prediction and interpretation. More-
over, a confidence interval for the quality predictions is
computed which can be used to evaluate the combined mod-
el’s performance.
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Bootstrap-based model validation

In order to find the regressors most significant for quality
prediction, the key is to define a proper analysis criterion.
Here, it is defined by analogy with the reliability index used
in uninformative variable elimination (UVE).43–45 The
criterion is termed the contribution index and defined as
follows

Ctjy;js¼ meanðHjy;jsÞ
�� ��	stdðHjy;jsÞ; js¼1; 2;…; d; jy¼1; 2;…; Jy

(17)

whereHjy,js
(Nb � 1) is composed of the regression coefficients

of the jsth IC when explaining Yjy
collected from Nb bootstrap

datasets. mean(Hjy,js
) and std(Hjy,js

), respectively, estimate the
mean and standard deviation from the vector Hjy,js

(Nb � 1).
Briefly, bootstrap-based model validation involves six

steps:
1. The initial dataset {X, Y} is randomly reordered Nb

times to generate the corresponding number of bootstrap
data sets in which the data are the same but ordered differ-
ently.

2. Each bootstrap dataset is separated into a calibration
subset of ntr and a validation subset of nte items. This results
in Nb calibration datasets {Xtr, Ytr}i, and validation datasets
{Xte, Yte}i, (i ¼ 1,2,…,Nb) covering different data samples
and representing different regions of the input and output
spaces.

3. The proposed M-ICR algorithm is applied to each cali-
bration dataset {Xtr, Ytr}i to generate the regression coeffi-
cient matrix Hi (d � Jy) (i ¼ 1,2,…,Nb) relating the ICs and
quality.

4. The contribution power Ctjy,js, of each IC describing

its role in explaining each dependent variable Yjy
is then cal-

culated using Eq. 17. Then, to select the most powerful

descriptors for interpreting the multivariate quality variables,

the combined contribution power of each descriptor variable

Ctjs is calculated by summing the contribution values (Ctjyjs),

corresponding to all the quality variables concerned. This

produces a descending order of priority for the ICs as indi-

cated by their decreasing Ctjs.
5. The mean-squared prediction error (MSE) for each

bootstrap validation subset is then calculated as

MSEi ¼ 1
nteJy

Pnte
m

PJy
j ðyim;j � ŷim;jÞ2 (where subscripts m and j

denote the validation sample and quality variable, respec-

tively; ŷ is the quality prediction, and y is the real quality

measurement). These MSEi index values from all the boot-

strap validation subsets are then summed to quantitatively

evaluate these bootstrap models’ prediction performance.
6. Removing the IC with the least contribution and

excluding its regression coefficient in each bootstrap model

Hi results in new quality predictions and a new MSE

index. This new MSE value is compared with the previous

one. If the prediction errors have decreased, the exclusion

of the IC from the regression model is accepted. The pro-

cess is then repeated until no further decrease in prediction

errors result, and the model from the previous iteration

step is accepted as the final one. (When candidate ICs are

numerous, to simplify the calculations involved in evaluat-

ing all the possible regressors one by one, an interval can

be used instead of individual ICs and these intervals

searched step by step.).
These steps eventually sort out ds ICs as the descriptors of

the bootstrap M-ICR model. They form the predigested
regression matrix Hi(ds � Jy) (i ¼ 1,2,…,Nb), which is most
informative with respect to multivariate quality variables.
Moreover, the ICA decomposition model for each bootstrap
dataset can also be corrected as Wi

x(ds � J), by deleting the
row corresponding to each IC removed. So the direct regres-
sion relationship between process variables and quality can
be defined as Hi

X!Y ¼ WiT
x H

i.
Here it should be pointed out that the following precondi-

tions can guarantee the success of bootstrap-based model
validation:

1. On the basis of consistent and repeatable ICA decom-
position results, the independent regressors from various
bootstrap-based ICR solutions can be listed in a homologous
order and can be readily stacked.

2. The regression coefficient can be regarded as the mag-
nitude of the contribution of each IC to quality because the
regressors (ICs) are mutually independent. It is appealing
that there is then no need to rebuild the regression model
when excluding each IC. Only removing the row in the coef-
ficient matrix Hi(d � Jy) corresponding to the deleted IC is
required.

Performance evaluation

This modeling procedure determines the proper rank of all
the M-ICR models used in the bootstrapping, and the final
aggregated M-ICR model is designed by stacking those boot-
strap models. As Zhang39 has pointed out, since these boot-
strap M-ICR models reveal similar calibration relationships,
they are highly correlated, and the appropriate aggregating
weights can be obtained through PCR. In this study, the
stacking weights attached to each bootstrap M-ICR model
are defined as follows:

1. Process measurement X is inserted into all Nb boot-
strap M-ICR models to get the bootstrap quality prediction
matrix Ŷ

iðN � JyÞði ¼ 1; 2;…;NbÞ. The quality attributes
ŷiðN � 1Þ are separated and collected in Jy matrices
ŷ1; ŷ2;…; ŷNb
� 


m
ðm ¼ 1; 2;…; JyÞ.

2. For each quality attribute, the appropriate stacking
weight vector attached to each bootstrap M-ICR model, [w1,
w2, …,wNb]m is then derived by applying PCR to
ŷ
1; ŷ2;…; ŷNb

� 

m
, and the real quality attribute vector y(N �

1).
3. The final M-ICR model corresponding to each quality

variable Hx,m(ds � 1), is obtained as a weighted linear
combination of the Nb bootstrap M-ICR models:
Hx;m ¼ 1

Nb

PNb

i wiHi
x;m, where Hi

x;m(ds � 1) is the regression
coefficient between process variables and each quality vari-
able for the ith bootstrap dataset.

4. The M-ICR model for multivariate quality variables is
formulated as Hx(ds � Jy) by placing all Hx,m(ds � 1) side
by side.

For each quality variable at each sampling time, the boot-
strap quality predictions can be used to derive a simple con-
fidence region to evaluate the quality prediction perform-
ance, which is defined as follows:
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�̂ym;n ¼
1

Nb

XNb

i¼1
ŷim;n

stdðŷm;nÞ ¼
1

Nb � 1

XNb

i¼1
ŷim;n � �̂ym;n

� �2( )1=2

m ¼ 1;2;…; Jy; n ¼ 1;2;…;N

(18)

The 95% confidence interval applicable to the prediction
result with respect to each quality variable at each time can
be calculated as

�̂ym;n � 1:96 � stdðŷm;nÞ; �̂ym;n þ 1:96 � stdðŷm;nÞ
� 


(19)

The confidence bound indicates how confident an estima-
tion of quality is.38 The narrower these confidence bounds,
the higher the reliability of the estimation. The calculated
confidence bounds, can, thus, help process operators decide
whether to believe the model’s quality predictions.

Simulations and Discussions

In this section, the performance of calibration modeling
and quality prediction using the proposed method is illus-
trated through both numerical and real cases. Quantitative
and qualitative analyses are performed with respect to the
effects of the proposed optimization criterion, as well as dif-
ferent suboptimization weight values on recovery of real LV
structure, and the improvement of the modeling performance
resulting from the use of bootstrap technique.

Case study 1

The performance of M-ICR will first be compared with
those of PLS and PCR when it comes to interpreting the

extracted LVs. The example is similar to that used by Lee
et al.33

Consider three source variables with the following
distributions

s1ðkÞ ¼ 2 cosð0:08kÞ sinð0:06kÞ
s2ðkÞ ¼ sign½sinð0:3kÞ þ 3 cosð0:1kÞ�
s3ðkÞ ¼ uniformly distributed noise in the range½�1; 1�

(20)

From the three source signals, process data are generated
by linear mixing as xT ¼ sTA with the following mixing
matrix

A ¼
0:86 �0:55 0:17 �0:33 0:89
0:79 0:65 0:32 0:12 �0:97
0:67 0:46 �0:28 0:27 �0:74

2
4

3
5 (21)

A single-quality variable is defined by y ¼ 2s1 þ 7s2, so
quality attribute has no direct relationship with the third
source signal.

A thousand mixes are generated for model training, and
six different levels of normal-distributed random noises with
the mean of zero, and different variance values (r) as shown
in Table 1 are added to the data. Taking the case with var-
iance, r ¼ 0.5 for example, the real source signals and the
mixed data are shown in panels a, b and c of Figure 1. The
feature extraction results using PLS, the conventional Fas-
tICA, modified ICA,33 and the proposed M-ICR algorithm
(taking aimp ¼ 0.7 and bimp ¼ 0.3, for example) are shown
in panels d through g. Compared with the original sources,
the first two LVs extracted by PLS (Figure 1d) do not
recover the quality-related ones. This result may be because

Table 1. Quality Prediction Results with Different Algorithms Involving No Bootstrapping

Regression method

MSE

1 LV 2 LVs 3 LVs 4 LVs 5 LVs

Noise variance r ¼ 0.1 PLS 0.2145 0.1338 0.1330 0.1321 0.1317
original ICA 0.9962 0.9770 0.1352 0.1351 0.1317
Lee’s M-ICA 0.2221 0.1325 0.1327 0.1318 0.1317
proposed M-ICR 0.1521 0.1317 0.1317 0.1318 0.1317

Noise variance r ¼ 0.3 PLS 0.3321 0.2697 0.2675 0.2676 0.2670
original ICA 0.9980 0.3514 0.2741 0.2672 0.2670
Lee’s M-ICA 0.3584 0.3564 0.2731 0.2670 0.2670
proposed M-ICR 0.2712 0.2667 0.2668 0.2670 0.2670

Noise variance r ¼ 0.5 PLS 0.3993 0.3500 0.3473 0.3472 0.3469
original ICA 0.9998 0.4442 0.4248 0.3502 0.3492
Lee’s M-ICA 0.4367 0.4223 0.3468 0.3469 0.3469
proposed M-ICR 0.3481 0.3468 0.3467 0.3469 0.3469

Noise variance r ¼ 0.7 PLS 0.4474 0.4077 0.4049 0.4047 0.4046
original ICA 0.4858 0.4741 0.4135 0.4047 0.4046
Lee’s M-ICA 0.4948 0.4772 0.4777 0.4047 0.4046
proposed M-ICR 0.4047 0.4045 0.4044 0.4045 0.4046

Noise variance r ¼ 0.9 PLS 0.4855 0.4531 0.4503 0.4501 0.4501
original ICA 1.0026 0.5412 0.5035 0.4501 0.4501
Lee’s M-ICA 0.5427 0.5244 0.5075 0.4531 0.4501
proposed M-ICR 0.4500 0.4500 0.4499 0.4500 0.4501

Noise variance r ¼ 1 PLS 0.5020 0.4726 0.4698 0.4697 0.4697
original ICA 0.5557 0.5517 0.5185 0.4705 0.4697
Lee’s M-ICA 0.5650 0.5484 0.5496 0.5161 0.4697
proposed M-ICR 0.4695 0.4695 0.4696 0.4696 0.4697
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the PLS algorithm focuses more on quality prediction than
on recovery of true underlying sources, so the LVs tend to
be linear combinations of source signals. In contrast, the
conventional ICA and Lee’s modified ICA algorithm pay
more attention to the recovery of the true LV structure. The
ICA solutions shown in Figure 1e and f reveal that both Fas-
tICA and modified ICA33 recover the original sources, but
this just provides an independent representation and recon-
struction of the process data with no consideration of quality
prediction or interpretation. In the FastICA solution shown
in Figure 1e both original sources are recovered, but there is
no guarantee that they will be chosen as significant regres-

sors. In the M-ICA solution (Figure 1f), the first three ICs
will be chosen as dominant ICs for regression modeling
according to the work of Lee et al.33 but the second
extracted IC is more similar to the third source signal, which
has no relationship with quality. Its participation in regres-
sion modeling will not improve the accuracy of quality pre-
dictions. Comparatively, using the proposed method, the two
dominant ICs which really and significantly contribute to
quality can be automatically identified and used for regres-
sion modeling, as shown in Figure 1g. The focus is entirely
on sources which are really responsible for quality, and the
influence of quality-irrelevant sources is excluded. The

Figure 1. Real measurements and features estimated using the different algorithms.

(a) Real source signals, (b) normalized process measurements, (c) normalized quality variable, (d) LVs estimated using PLS, (e) ICA solu-
tion with the original FastICA algorithm, (f) ICA solution with Lee’s modified ICA algorithm, and (g) proposed M-ICR solution.
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model structure involves fewer LVs, and interpretation is
easier.

Under different levels of noise, the predictive performance
of PLS, original ICA, Lee’s modified ICA, and the proposed
M-ICR algorithm are compared in Table 1. (The suboptim-
ization parameters are set to be aimp ¼ 0.7 and bimp ¼ 0.3
by trial and error. It should be noted, however, that aimp [
bimp does not mean that the quality-related criterion is abso-
lutely more important than statistical independence. This is
actually determined by the joint influence of the three parts
of the weight parameters as defined by Eq. 13.) The results
are based on average over 1,000 testing samples and the
different numbers of LVs recovered, where bootstrap-based
model validation is not used. The popular performance
index, mean-squared error (MSE) is used to quantitatively

evaluate the prediction power of the regression models. It is
calculated as MSEj ¼ 1

N

PNte

i¼1 ðyi;j � ŷi;jÞ2 (where Nte is the
number of testing samples; j denotes the quality variables,
and here it is 1; ŷi;j is the quality prediction corresponding to
the real quality measurement yi,j). The smaller the MSE
value, the better the quality prediction result. Since a qual-
ity-related criterion is accommodated in the feature extrac-
tion, the ICs are automatically sifted out to be more suitable
for calibration analysis, and, thus, provide possibility for
improving quality predictions. Generally, the results confirm
the superiority of the proposed M-ICR algorithm, which
not only yields an interpretable LV model, but also shows
prediction performance comparable to PLS in this nu-
merical example. Specifically, the following findings can be
derived.

Figure 1. (Continued)

Table 2. Optimization Parameters Using Correlation Analysis

Parameters [a,b] Objects

Correlation coefficient

MSE (2 LVs)Original source 1 Original source 2 Original source 3 Quality variable

[0.1,0.9] M-IC1 �0.0554 0.9284 0.1358 0.8846 0.1325
M-IC2 0.9641 0.0153 0.1010 0.2829
M-IC3 0.0550 0.0060 �0.8779 0.0211

[0.7,0.3] M-IC1 0.1100 0.9178 0.1404 0.8846 0.1317
M-IC2 0.9638 �0.1408 0.0170 0.2827
M-IC3 �0.0081 0.0051 �0.8833 0.0224

[0.9,0.1] M-IC1 0.2463 0.8884 0.1386 0.9296 0.1336
M-IC2 �0.2351 0.0674 �0.4173 0.0153
M-IC3 0.7876 �0.2259 �0.4786 0.0013
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When the number of LVs is small, PLS yields better qual-
ity predictions than conventional ICA or Lee’s M-ICA algo-
rithm, although ICA recovers the true LVs. This may result
from the fact that the first LVs extracted by PLS might be
linear combinations of the true independent sources, which
may have to be described by more ICs. With more numerous
LVs, the MSE values with respect to all algorithms do not
necessarily decrease continuously or significantly. This may
be because the extracted LVs are not ranked according to
their effects on quality prediction, so sometimes ICs bearing
little quality significance may be extracted prior to quality-
related ones. Such earlier LVs are not excluded from regres-
sion modeling although they are not very efficient for quality
description, so their presence will affect the subsequent
improvements in prediction performance even as quality-
related LVs are added. This phenomenon highlights the
necessity of sorting out the real quality-related LVs for
regression modeling through, for example, a bootstrap
technique.

With the proposed M-ICR algorithm, generally only two
LVs are needed to achieve smaller MSE values, which
agrees with the real case in which the quality variable is
determined by two source signals. Increasing the number of
LVs extracted for regression analysis would not further
improve the quality prediction performance, but only compli-
cate the model structure. With the proposed M-ICR algo-
rithm in particular, the results may even deteriorate to some
extent with the addition of extra LVs, since they may intro-
duce quality-irrelevant variations.

Imposing noise generally degrades the quality prediction
performance of all the algorithms. The exception of conven-
tional ICA may be due to the randomness in conventional
ICA. That is, when the noise level is low, the first ICs recov-
ered may not be very informative about quality, whereas at
higher noise levels, the first ICs recovered may by chance be
more related with quality than those obtained when the noise
level is lower. It is interesting that sometimes conventional
ICA generates better quality predictions than Lee’s M-ICA
algorithm, generally at higher noise levels. This may have
resulted from the fact that the noise begins to account for an
increasing proportion of the real underlying information as
the noise variance increases. Lee’s M-ICA algorithm, which
uses PCs for ICA initialization based on variance informa-
tion, may be falsely led to identify noise sources as PCs.

To inspect the effects of the suboptimization significance
factors aimp and bimp on feature extraction, they can be man-
ually adjusted and the derived features evaluated in terms of
their relationships with both the source signals and quality

by correlation analysis. The results are summarized in Table
2 taking the first three LVs and three kinds of parameters
settings for example. The quality prediction results are also
compared based on a MSE criterion with respect to different
parameters. Increasing aimp and decreasing bimp puts more
weight on quality-related characteristics. Therefore, the
extracted LVs should be more correlated with the quality
variable, and less similar to the true underlying sources,
which is generally the case in Table 2.

To improve the robustness of calibration modeling and
also obtain a quantitative evaluation of modeling perform-
ance, the bootstrap technique is implemented on the basis of
the original 1,000 training samples. This generates multiple
(Nb ¼ 100) bootstrap datasets, each with 800 modeling sam-
ples and 200 samples for testing, from which Nb regression
parameters are derived. Then for each sample the same num-
ber of bootstrap-based quality estimations are obtained and
used for model validation and performance evaluation. The
analysis results are shown in Table 3 for the proposed M-
ICR method in comparison with the PLS algorithm. The use
of the bootstrap technique can, on the one hand, weaken the
adverse effects of noise in the process and help to rank those
LVs really related with quality, and, thus, determine the

Figure 2. Quality prediction result and the correspond-
ing confidence region (‘‘ * ’’, real measure-
ment;‘‘o’’, predicted quality value; solid line,
the upper 95% confidence limit; dashed line,
the lower 95% confidence limit).

Table 3. Bootstrap-Based Model Validation and Quality Prediction Results

No. of
LVs

Contribution index (Ct)

Noise variance
r ¼ 0.1

Noise variance
r ¼ 0.3

Noise variance
r ¼ 0.5

Noise variance
r ¼ 0.7

Noise variance
r ¼ 0.9

Noise variance
r ¼ 1

M-ICR PLS M-ICR PLS M-ICR PLS M-ICR PLS M-ICR PLS M-ICR PLS

1 1589.93 446.5832 1136.43 377.83 879.32 349.58 593.60 327.95 426.70 309.39 372.32 299.91
2 173.52 109.2810 89.46 67.39 44.20 54.19 25.14 49.82 17.73 48.84 15.45 48.97
3 3.51 189.4121 4.02 150.87 6.52 119.03 3.19 97.23 0.87 83.19 1.04 77.99
4 7.20 54.9743 0.59 66.61 2.76 45.11 1.16 34.62 0.33 28.51 0.01 26.32
5 2.05 166.6806 12.99 158.55 3.08 137.65 0.01 121.89 0.46 110.58 0.76 106.09
MSE 0.1279 0.1298 0.1995 0.2617 0.2710 0.3394 0.2716 0.3953 0.3367 0.4392 0.3655 0.4582
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proper order of the model. At the same time it can quantify
the reliability of the quality prediction. Using the bootstrap
technique, the retained LVs are sorted out and in this case
only two LVs prove necessary for M-ICR, whereas three
LVs are required for PLS, both less than the analysis result
without bootstrapping shown in Table 1. Moreover, using
bootstrap-based contribution index defined in Eq. 17, the
originally extracted PLS LVs are shown to be not in accord-
ance with the size of their contribution indices, and the LVs
finally chosen are different from the first three LVs extracted

in the original PLS. This illustrates the utility of bootstrap-
based model validation. With the M-ICR method, only two
LVs are needed for regression modeling in this case, yield-
ing a simpler model structure but prediction results compara-
ble to those from PLS. Moreover, from the bootstrap-based
quality prediction results it is easy to derive a simple confi-
dence region as defined by Eq. 18. For the sake of conven-
ience, taking 25 samples for example, the quality prediction
results with the first level of noise (variance r ¼ 0.1) are
illustratively shown in Figure 2 along with the corresponding
bootstrap-based confidence region. The figure gives a visual
impression of the quality variations which can be captured.

Case study 2: Fetal electrocardiogram (FECG)

In this example, the eight-channel cutaneous potential
recordings measured on a pregnant woman’s skin are used to
test the performance of the proposed method. The data is
available from the following website: http://homes.esat.
kuleuven.be/�smc/daisy/daisydata.html. Analysis of the fetal
heart rate (FHR) has become a routine procedure for the
evaluation of the well-being of the fetus, which is realized
by examining the electrical activity of fetal heart. Due to
various factors, the electrocardiogram (ECG) recordings are
often measured on the mother’s skin instead of directly plac-
ing an electrode on the fetal scalp. In this example used
here, potential measurements are obtained from eight electro-
des located on a pregnant woman’s skin (cutaneous record-
ings), which contain contributions from several bioelectric
phenomena (maternal and fetal activity, potential distribu-
tions generated by respiration and stomach activity, etc.),
and are affected by various kinds of noise (thermal noise,
noise from electrode-skin contact, etc.). Here, to highlight
the effects of sampling, only 200 samples are used for model
training, each covering one maternal heart beat and one fetal
heart beat. Another 1,000 samples are used as test data to
evaluate the modeling performance, and these include multi-
ple beat-to-beat heart signals. Figure 3 shows the potential

Figure 4. (a) LV estimates obtained through PLS, and (b) Source estimates obtained through M-ICR.

Figure 3. An eight-channel set of cutaneous ECG data.
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recordings of test data. Channels 1–5 are abdominal signals;
for channels 6–8 the electrodes have been placed further
away from the fetus, on the thorax. Here, for the specific
purpose of calibration and regression analysis, the measured
potential values from channels 1 and 8 are employed as the
response variables (Y1 and Y2), and the measurements from
channels 2–7 served as descriptors (X1 – X6). Actually, the
cutaneous recordings contain instantaneous linear mixtures
of the aforementioned bioelectric signals, particularly the
maternal electrocardiogram (MECG), and the fetal electro-
cardiogram (FECG). The instantaneous beat-to-beat FHR
signal shows that channels 1 and 3 clearly contain weak fetal
contributions. Due to the large amplitude of the MECG in
the thoracic signals (channels 6–8), the FECG is less visible
there.

Using PLS and the proposed method (with the initial sig-
nificance factors aimp and bimp, set to be 0.8 and 0.2, respec-
tively), LV model structures are derived from the 200 train-
ing samples. Using the resulting decomposition relationship,
the underlying LVs of the 1,000 test samples are then calcu-
lated. The PLS-based source estimates are displayed in Fig-
ure 4a. Only two clear MECG-related components are
obtained, as shown by the first two LVs. FECG signals may
appear in LVs 3, 4, 5 and 6, but if so they are seriously con-
taminated by noise. In contrast, the LVs recovered through
M-ICR are shown in Figure 4b. The two MECG signals and
one FECG signal are accurately reconstructed, as shown by
the first three ICs. Moreover, generally speaking, the ICs
show better signal-to-noise ratios than the PLS LVs. The test
results support Lathauwer’s assertion46 that ICA is a promis-
ing tool for estimating the underlying features of evoked
potential recordings.

The direct quality prediction results using the different
algorithms are first compared without bootstrap-based model
validation in Table 4a. They are calculated using the 1,000
test samples and different numbers of retained LVs. With
only two LVs, the proposed method yields lower MSE val-
ues than PLS. With more LVs, the PLS-based prediction
results improve significantly. As the number of LVs

increases beyond 5, the prediction results from all the algo-
rithms generally are not further improved, but deteriorated.
Bootstrapping is then employed for model validation and
performance evaluation. Contribution indices of the ICs
derived using the proposed method are calculated to the two
quality variables, and are shown in Figure 5a, which gives a
primary impression about the importance ranking of all the
extracted ICs. The MECG and FECG contribute differently
to the abdominal and thoracic quality signals as a result of
their different locations placed on the pregnant woman’s
skin. The confidence interval applicable to the quality pre-
dictions based on bootstrapping is shown in Figure 5b taking
example for 800 samples. Combined with the quality plots
shown in Figure 3, the confidence profile apparently captures
the evolving trends in the instantaneous beat-to-beat heart
rates. After model validation, the final quality prediction
results are summarized in Table 4b with different algorithms.
For PLS and the proposed method, fewer LVs are required.
In addition, the proposed M-ICR algorithm shows better
quality prediction accuracy.

These experimental results show the promise of the pro-
posed method for FECG analysis, although data limitations
prevent assessing to what extent the extracted ICs might be
useful in medical practice. Any practical application needs
to be substantiated with further patient data.

Summary and discussion

This report has illustrated how the new regression strategy
performs on both simulated and real data sets, and how it
compares with PLS and conventional ICR. As a regularized
regression estimation method, it is a more consistent and
controllable option between ICR and PLS. It is hoped that
this report will provide the basis for future work to deter-
mine under which circumstances each method or their com-
bination is most appropriate. Future work might profitably
take the following directions.

Use of the LV Structure Extracted from Quality Variables. As
shown in the objective function of Eq. 7, the correlation
between regressors and response is calculated and evaluated

Table 4. Quality Prediction Results for Multichannel Cutaneous Potential Recordings

Method

Number of retained LVs

1 2 3 4 5 6

(a) PLS 0.5612 0.4307 0.1624 0.1294 0.1371 0.1365
0.2389 0.1391 0.0661 0.0627 0.0309 0.0302

Original ICA 0.5003 0.3454 0.3614 0.2087 0.1329 0.1365
0.2285 0.2153 0.2298 0.1609 0.0287 0.0302

Lee’s M-ICA 0.4531 0.2933 0.1592 0.1658 0.1375 0.1365
0.1734 0.0960 0.0923 0.0954 0.0290 0.0302

M-ICR (a ¼ 0.8, b ¼ 0.2) 0.3864 0.2830 0.1532 0.1607 0.1325 0.1365
0.1248 0.0887 0.0855 0.0894 0.0278 0.0302

Method LVs MSE

(b) PLS 4 0.1046
0.0200

Lee’s M-ICA 5 0.1075
0.0179

M-ICR ( a ¼ 0.8, b ¼ 0.2) 4 0.0983
0.0162

(a) Quality prediction MSEs with no bootstrap-based model validation.
(b) Quality prediction with bootstrap-based model validation.
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directly using quality variables. This is rather different from
PLS where the LV structure is recovered from multivariate
response variables and employed in developing the correla-
tion criterion. A natural question is whether or not efficiency
might be gained in the M-ICR algorithm by using LVs
instead of quality variables. It is clear that the use of quality
LVs may result in more complex mathematical deduction
and computation, but it may be necessary if the quality vari-
ables are contaminated by noise. On the other hand, when
lacks dominant eigenvalues, which means the quality varia-
bles are not interrelated, then a correlation analysis using
quality variables directly will come close to that obtained
from quality LVs.

Setting of Suboptimization Weight Parameters. The
effects of parameters on feature extraction and regression
modeling have not yet been reduced to an explicit mathe-
matical formula. The proper setting of parameter values has
to be determined by cross-validation. Considering that the

parameter values actually determine the balance between
PLS and ICR involved in the regressor design, is it possible
to work out some simple rule to follow? This work may be
especially fruitful.

Pursuit of Global Optimization. The modified ICR algo-
rithm is derived from the conventional FastICA method,
which is a constrained optimization which makes some
assumptions to simplify the computation. How do they influ-
ence the optimization result? Moreover, FastICA is likely to
be trapped at local optima using the gradient-based algo-
rithm. How to better solve multiobjective mathematical opti-
mizations and get global optima remains an open question.
Answering it may help to further improve LV modeling and
benefit subsequent regression analysis.

Solving Nonlinear Problems. For reasons of computa-
tional and conceptual simplicity, the LV representation is a
linear transformation of the original data. In complex reality,
chemical measurements, for example, may be a nonlinear
function of some real LVs. A nonlinear version of LV mod-
eling is probably required to take into account nonlinear
regression relationships between regressors and responses.

There are still many issues to be investigated in future,
but the results of this study constitute a step forward toward
improving LV extraction and regression modeling for practi-
cal applications.

Conclusions

In this study, an improved ICR modeling algorithm is for-
mulated. It differs from conventional ICR methods in the
way it extracts underlying explanatory sources for quality
description. In the general formulation, feature extraction
based on MFastICA can be considered a variant of projec-
tion pursuit. It is developed in statistics for finding more
‘‘interesting’’ projection directions, in which the statistical
independence of ICA and the quality-related measures of
PLS are combined in the projection pursuit ‘‘indices’’. The
major results of the study are as follows:

1. The proposed method yields more meaningful LVs
better correlated with quality and with higher-order inde-
pendence. This may indicate a parsimonious model structure
compared with conventional ICA, achieved by automatically
sorting out quality-relevant regressors.

2. Bootstrap-based quantitative analysis can verify the
modeling results and evaluate modeling performance more
convincingly.

3. Both numerical and realistic simulations have shown
the effectiveness of the proposed method. M-ICR is shown
to yield LVs that are chemically interpretable and quality
predictions comparable with those from PLS.

Practitioners have used various LV estimation methods
arising from their understanding of the LV structure of
measured data, but there has been little agreement about
which LV structure is better. The proposed method, as a
regularized regression estimation tool, provides some way to
combine PLS and ICR to derive a suitable LV structure for
specific practical applications. It is a more consistent and
controllable extension of ICR and PLS by changing certain
parameters in the general objective function, and the balance
is purely data driven. Although the proposed method might
not yet be able to derive absolutely optimal features for

Figure 5. (a) Contribution indices of the ICs for model
validation, and (b) confidence limits for the
prediction of the two quality variables (solid
line, the upper 95% confidence limit; dashed
line, the lower 95% confidence limit).
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calibration modeling and quality prediction in every case, it
shows desirable improvement by encapsulating both quality-
related and higher-order independence characteristics into
the feature extraction. Considerable further research, is, thus,
recommended.
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Appendix A

This appendix will show how to mathematically formulate
the basic search optimization solution of the proposed M-
ICR algorithm.
Using a Lagrange operator, the initial objective function

can be expressed as an unconstrained extremum problem
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Fðw; kÞ ¼ a � 1
Jy

E wTzy
� �T

E wTzy
� �� �

þ b � E GðwTzÞ� �� E GðtÞf g� �2þkðwTw� 1Þ ðA1Þ
where k is a constant scalar.
Calculating the derivatives of with respect to and and set-

ting both equal to zero, the following equations can be
obtained

rFw ¼ @F

@w
¼ 2a � 1

Jy
E zyT
� �

E wTzy
� �

þ 2b� E GðwTzÞ� �� E GðtÞf g� �
EfzgðwTzÞgþ2kw ¼ 0 ðA2Þ

rFk ¼ wTw� 1 ¼ 0 (A3)

where g is the first-order derivative of G.
Multiply both sides of Eq. A2 by wT

2a� 1

Jy
wTE zyT

� �
E wTzy
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
� wTEfzgðwTzÞg þ 2kwTw ¼ 0 ðA4Þ

According to Eq. A4, can be specifically calculated as

k ¼ �a � 1
Jy
wTE zyT

� �
E wTzy
� �

� b � E GðwTzÞ� �� E GðtÞf g� �
wTEfzgðwTzÞg ðA5Þ

Based on Kahn-Tucker conditions,34 it is known that the
optima of the objective function shown in Eq. 7 under the
constraint wT

w ¼ 1 will be at the points shown in Eq. A2.
Here, to improve the convergence speed, Newton’s method
is adopted to solve this problem, which makes use of the
second-order derivative of the objective function.
Denoting the function on the lefthand side of Eq. 10 by

W, its Jacobian matrix JW(w) is

JWðwÞ ¼ 2a � 1
Jy
E zyT
� �

E yzT
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
EfzzTg0ðwTzÞg

þ 2b � EfzgðwTzÞg EfzgðwTzÞg� �Tþ 2kI ðA6Þ

Substituting Eq. A5 into Eq. A6, the following expression
for the Jacobian matrix results

JWðwÞ ¼ 2a � 1
Jy
E zyT
� �

E yzT
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
EfzzTg0ðwTzÞg

þ 2b � EfzgðwTzÞg EfzgðwTzÞg� �T
�
 
2a � 1

Jy
wTE zyT

� �
E wTzy
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
wTEfzgðwTzÞg

!
I ðA7Þ

To simplify the inversion of this matrix, the second term
can be approximated as in the original FastICA algorithm,
since the data have been whitened

EfzzTg0ðwTzÞg � EfzzTgEfg0ðwTzÞg ¼ Efg0ðwTzÞgI (A8)

where g
0
is the second-order derivative of G.

So the Jacobian matrix can be approximately expressed in
a simple symmetrical form

JWðwÞ ¼ 2a� 1

Jy
E zyT
� �

E yzT
� �

þ 2bEfzgðwTzÞg EfzgðwTzÞg� �T� c � I ðA9Þ

where c is a constant, which is defined as follows

c ¼ 2a � 1
Jy
wTE zyT

� �
E wTzy
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
wTEfzgðwTzÞg

� 2b � E GðwTzÞ� �� E GðtÞf g� �
Efg0ðwTzÞg ðA10Þ

Substituting Eq. A5 into Eq. A2, the derivative of with
respect to F(w, k) can then be expressed as

rFw ¼ 2a � 1
Jy
E zyT
� �

E wTzy
� �

þ 2b � E GðwTzÞ� �� E GðtÞf g� �
EfzgðwTzÞg

� 2
�
a � 1

Jy
wTE zyT

� �
E wTzy
� �þ b � �E GðwTzÞ� �

� E GðtÞf gÞwTEfzgðwTzÞg
�
w ðA11Þ

The Newton iteration direction dn is actually derived by
solving the following equation

JWðwÞ � dn ¼ �rFw (A12)

The solution, therefore, depends heavily on whether or not
the Jacobian matrix is invertible. When it is not, some strat-
egy should be adopted to modify it and make it invertible. An
approximate Newton iteration direction can, thus, be calcu-
lated. The detailed analysis of the invertibility of the Jacobian
matrix is shown in Appendix B, as well as the corresponding
regulation when invertibility cannot be achieved.
The Newton method loses its convergence ability when

the search region is far from the optima of the objective
function, so a one-dimensional (1-D) searching algorithm
can be introduced after obtaining the Newton iteration direc-
tion dn. It is used to define the searching step c, which is
carried out by solving maxF(w þ c � dn, where the function
F(�) is shown in Eq. A1. Adopting a 1-D searching strategy
will give the method global convergence ability. If c ¼ 1, it
converges to the conventional Newton iteration method.
Finally, w is derived as follows

w wþ c � dn
i:e:; w w� c � JWðwÞm

� ��1rFw (A13)

where JW(w)m is the modified invertible Jacobian matrix as
shown in Appendix B, and !Fw is the first-order derivative
of F(w, c), with respect to w as shown in Eq. A11.
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Appendix B

Here the conditions under which the Jacobian matrix
shown in Eq. A9 can be generally inverted are discussed and
analyzed. An adjustment strategy is also discussed for when
the conditions cannot be satisfied.
First, for a (d � Jy)-dimensional symmetric matrix

2a � 1Jy E zyTð ÞE yzTð Þ þ 2b � EfzgðwTzÞg EfzgðwTzÞgð ÞT (here
for simplicity, assume that Jy 	 d), assume its rank is q.
This means there are only q positive eigenvalues computable
by direct singular value decomposition, which is delivered as
follows

2a � 1
Jy
E zyT
� �

E yzT
� �þ 2b � EfzgðwTzÞg EfzgðwTzÞg� �T

¼ L
D 0q�ðd�qÞ
0ðd�qÞ�q 0d�q

" #
LT

(B1)

where the orthogonal matrix L(d � d) satisfies LLT ¼ I(d �
d) and L

�1 ¼ L
�T. The diagonal matrix D(q � q) employs

the positive eigenvalues of 2a� 1
Jy
E zyTð ÞE yzTð Þ þ 2b�

EfzgðwTzÞg EfzgðwTzÞgð ÞT as its elements. Then the follow-
ing relationship can be derived

2a� 1

Jy
E zyT
� �

E yzT
� �þ2b�EfzgðwTzÞg EfzgðwTzÞg� �T�c�I

¼ L
D 0

0 0

� �
LT � c � LLT

¼ L
D 0

0 0

� �
� c � I

� �
LT

¼ L
D� c � Iq 0q�ðd�qÞ
0ðd�qÞ�q �c � Id�q

" #
LT

¼ LULT

(B2)

where U ¼ D� c � Iq 0q�ðd�qÞ
0ðd�qÞ�q �c � Id�q

� �
is diagonal.

From this the inverse of the Jacobian matrix can be calcu-
lated as

JWðwÞð Þ�1¼ LTU�1L (B3)

However, when the first matrix block in U has a zero di-
agonal element, the Jacobian matrix is not invertible. Some
strategy should thus be adopted to modify it so as to get a
feasible Newton iteration direction. Here, the invertibility of
the Jacobian matrix is judged continuously, and if it cannot
be satisfied, an extra positive constant term is added to the
diagonal to make it nonzero. The modified Jacobian matrix
then becomes

JWðwÞm ¼ JWðwÞ þ l � I (B4)

where l is the selected compensatory constant.

Appendix C

This appendix will discuss how to reveal the LVs on the
basis of the modified ICR algorithm.
The initialized demixing matrix is set

Wðn� dÞ ¼ ½In..
.
0� (C4)

where n denotes the number of ICs retained. In is the n-
dimensional identity matrix, and 0(n � (d � n)) is a zero
matrix.
The detailed procedure is as follows:
(a) Determine the number of independent components n,

and set the counter p ¼ 1.
(b) Set, wp the pth row of W, as the initial demixing

vector.
(c) Let w / w � c � (JW(w)m)

�1 !Fw. This step is an
approximative Newton iteration procedure in pursuit of the
maximization of the dual-objective optimization problem
shown in Eq. 7.
(d) Orthogonalization and normalization: wp ¼

wp �
Pp�1

j¼1 wT
pwjwj; wp ¼ wp= wp



 

.
(e) If wp does not converge (where convergence means

that the dot-product of the old and new values of w is almost
equal to 1), go back to step (c).

(f) Set p ¼ p þ 1. If p � n, return to step (b) until all the
desired ICs have been retained. The updated demixing ma-
trix is then W(n � d).
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